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BIPARTITE SYSTEMS

Bell state H2⊗H2

|Ψ+〉 =
1
√

2

(
|00〉+ |11〉

)

Maximally Entangled States Hd ⊗Hd

|Ψ+
d 〉 =

1
√

d

d−1∑
i=0

|ii〉

I Reduced density matrices
are maximally mixed

ρ1 := tr2 |ψ+
d 〉〈ψ

+
d | ∼ Idd

ρ2 := tr1 |ψ+
d 〉〈ψ

+
d | ∼ Idd

I Maximal entanglement
entropy

E(|ψ+
d 〉) = log d
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MULTIPARTITE SYSTEMS

Generalized GHZ state? H2 ⊗H2 ⊗H2 ⊗H2

|GHZ〉4 =
1
√

2

(
|0000〉+ |1111〉

)

I Reduced density matrices are not maximally mixed, i.e. ρ12, ρ13, ... � Id4

I Such a state of 4 qubits does not exist.1.

Four qutrits state H3 ⊗H3 ⊗H3 ⊗H3

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9
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A. Higuchi, A. Sudbery, How entangled can two couples get?, Phys. Lett. A 273 (2000)



AME states Methods of construction SLOCC equivalence Graph states Conclusions

MULTIPARTITE SYSTEMS

Generalized GHZ state? H2 ⊗H2 ⊗H2 ⊗H2

|GHZ〉4 =
1
√

2

(
|0000〉+ |1111〉

)
I Reduced density matrices are not maximally mixed, i.e. ρ12, ρ13, ... � Id4
I Such a state of 4 qubits does not exist.1.

Four qutrits state H3 ⊗H3 ⊗H3 ⊗H3

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9

1
A. Higuchi, A. Sudbery, How entangled can two couples get?, Phys. Lett. A 273 (2000)



AME states Methods of construction SLOCC equivalence Graph states Conclusions

MULTIPARTITE SYSTEMS

Generalized GHZ state? H2 ⊗H2 ⊗H2 ⊗H2

|GHZ〉4 =
1
√

2

(
|0000〉+ |1111〉

)
I Reduced density matrices are not maximally mixed, i.e. ρ12, ρ13, ... � Id4
I Such a state of 4 qubits does not exist.1.

Four qutrits state H3 ⊗H3 ⊗H3 ⊗H3

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9

1
A. Higuchi, A. Sudbery, How entangled can two couples get?, Phys. Lett. A 273 (2000)



AME states Methods of construction SLOCC equivalence Graph states Conclusions

UNIFORM STATES

k-uniform state
Pure state |ψ〉 ∈ H⊗N

d . Reduced density matrix

ρk(ψ) := trN−k |ψ〉〈ψ| ∼ Id

I Parallel teleportation from any N − k to k parties

GHZ is 1-uniform state
|ψ〉 = |1111〉+ |0000〉 ρ1(ψ) = Id2

I 2-uniform state of 4 qubits does not exist.
I 2-uniform state of 4 qutrits does exist.

2-uniform state

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9



AME states Methods of construction SLOCC equivalence Graph states Conclusions

UNIFORM STATES

k-uniform state
Pure state |ψ〉 ∈ H⊗N

d . Reduced density matrix

ρk(ψ) := trN−k |ψ〉〈ψ| ∼ Id

I Parallel teleportation from any N − k to k parties

GHZ is 1-uniform state
|ψ〉 = |1111〉+ |0000〉 ρ1(ψ) = Id2

I 2-uniform state of 4 qubits does not exist.
I 2-uniform state of 4 qutrits does exist.

2-uniform state

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9



AME states Methods of construction SLOCC equivalence Graph states Conclusions

UNIFORM STATES

k-uniform state
Pure state |ψ〉 ∈ H⊗N

d . Reduced density matrix

ρk(ψ) := trN−k |ψ〉〈ψ| ∼ Id

I Parallel teleportation from any N − k to k parties

GHZ is 1-uniform state
|ψ〉 = |1111〉+ |0000〉 ρ1(ψ) = Id2

I 2-uniform state of 4 qubits does not exist.
I 2-uniform state of 4 qutrits does exist.

2-uniform state

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9



AME states Methods of construction SLOCC equivalence Graph states Conclusions

UNIFORM STATES

k-uniform state
Pure state |ψ〉 ∈ H⊗N

d . Reduced density matrix

ρk(ψ) := trN−k |ψ〉〈ψ| ∼ Id

I Parallel teleportation from any N − k to k parties

GHZ is 1-uniform state
|ψ〉 = |1111〉+ |0000〉 ρ1(ψ) = Id2

I 2-uniform state of 4 qubits does not exist.
I 2-uniform state of 4 qutrits does exist.

2-uniform state

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9



AME states Methods of construction SLOCC equivalence Graph states Conclusions

UNIFORM STATES

k-uniform state
Pure state |ψ〉 ∈ H⊗N

d . Reduced density matrix

ρk(ψ) := trN−k |ψ〉〈ψ| ∼ Id

I Parallel teleportation from any N − k to k parties

GHZ is 1-uniform state
|ψ〉 = |1111〉+ |0000〉 ρ1(ψ) = Id2

I 2-uniform state of 4 qubits does not exist.

I 2-uniform state of 4 qutrits does exist.

2-uniform state

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9



AME states Methods of construction SLOCC equivalence Graph states Conclusions

UNIFORM STATES

k-uniform state
Pure state |ψ〉 ∈ H⊗N

d . Reduced density matrix

ρk(ψ) := trN−k |ψ〉〈ψ| ∼ Id

I Parallel teleportation from any N − k to k parties

GHZ is 1-uniform state
|ψ〉 = |1111〉+ |0000〉 ρ1(ψ) = Id2

I 2-uniform state of 4 qubits does not exist.
I 2-uniform state of 4 qutrits does exist.

2-uniform state

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9



AME states Methods of construction SLOCC equivalence Graph states Conclusions

AME STATES

I What is the maximal k?

AME states are
⌊N

2

⌋
uniform states

I Parallel teleportation
I Quantum secret sharing protocols
I Holographic codes, AdS/CFT
I Interactions with combinatorics

AME(4,3) state

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9

The minimal support of AME state



AME states Methods of construction SLOCC equivalence Graph states Conclusions

AME STATES
I What is the maximal k?

AME states are
⌊N

2

⌋
uniform states

I Parallel teleportation
I Quantum secret sharing protocols
I Holographic codes, AdS/CFT
I Interactions with combinatorics

AME(4,3) state

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9

The minimal support of AME state



AME states Methods of construction SLOCC equivalence Graph states Conclusions

AME STATES
I What is the maximal k? Answer:

N
2

AME states are
⌊N

2

⌋
uniform states

I Parallel teleportation
I Quantum secret sharing protocols
I Holographic codes, AdS/CFT
I Interactions with combinatorics

AME(4,3) state

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9

The minimal support of AME state



AME states Methods of construction SLOCC equivalence Graph states Conclusions

AME STATES
I What is the maximal k? Answer:

⌊N
2

⌋

AME states are
⌊N

2

⌋
uniform states

I Parallel teleportation
I Quantum secret sharing protocols
I Holographic codes, AdS/CFT
I Interactions with combinatorics

AME(4,3) state

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9

The minimal support of AME state



AME states Methods of construction SLOCC equivalence Graph states Conclusions

AME STATES
I What is the maximal k? Answer:

⌊N
2

⌋

AME states are
⌊N

2

⌋
uniform states

I Parallel teleportation
I Quantum secret sharing protocols
I Holographic codes, AdS/CFT
I Interactions with combinatorics

AME(4,3) state

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9

The minimal support of AME state



AME states Methods of construction SLOCC equivalence Graph states Conclusions

AME STATES
I What is the maximal k? Answer:

⌊N
2

⌋

AME states are
⌊N

2

⌋
uniform states

I Parallel teleportation
I Quantum secret sharing protocols
I Holographic codes, AdS/CFT
I Interactions with combinatorics

AME(4,3) state

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9

The minimal support of AME state



AME states Methods of construction SLOCC equivalence Graph states Conclusions

AME STATES
I What is the maximal k? Answer:

⌊N
2

⌋

AME states are
⌊N

2

⌋
uniform states

I Parallel teleportation

I Quantum secret sharing protocols
I Holographic codes, AdS/CFT
I Interactions with combinatorics

AME(4,3) state

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9

The minimal support of AME state



AME states Methods of construction SLOCC equivalence Graph states Conclusions

AME STATES
I What is the maximal k? Answer:

⌊N
2

⌋

AME states are
⌊N

2

⌋
uniform states

I Parallel teleportation
I Quantum secret sharing protocols

I Holographic codes, AdS/CFT
I Interactions with combinatorics

AME(4,3) state

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9

The minimal support of AME state



AME states Methods of construction SLOCC equivalence Graph states Conclusions

AME STATES
I What is the maximal k? Answer:

⌊N
2

⌋

AME states are
⌊N

2

⌋
uniform states

I Parallel teleportation
I Quantum secret sharing protocols
I Holographic codes, AdS/CFT

I Interactions with combinatorics

AME(4,3) state

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9

The minimal support of AME state



AME states Methods of construction SLOCC equivalence Graph states Conclusions

AME STATES
I What is the maximal k? Answer:

⌊N
2

⌋

AME states are
⌊N

2

⌋
uniform states

I Parallel teleportation
I Quantum secret sharing protocols
I Holographic codes, AdS/CFT
I Interactions with combinatorics

AME(4,3) state

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9

The minimal support of AME state



AME states Methods of construction SLOCC equivalence Graph states Conclusions

AME STATES
I What is the maximal k? Answer:

⌊N
2

⌋

AME states are
⌊N

2

⌋
uniform states

I Parallel teleportation
I Quantum secret sharing protocols
I Holographic codes, AdS/CFT
I Interactions with combinatorics

AME(4,3) state

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9

The minimal

support of AME state



AME states Methods of construction SLOCC equivalence Graph states Conclusions

AME STATES
I What is the maximal k? Answer:

⌊N
2

⌋

AME states are
⌊N

2

⌋
uniform states

I Parallel teleportation
I Quantum secret sharing protocols
I Holographic codes, AdS/CFT
I Interactions with combinatorics

AME(4,3) state

|ψ〉 =|0000〉+ |0121〉+ |0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

|1110〉+ |1201〉+ |1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

|2220〉+ |2011〉+ |2102〉 ρ14(ψ) = ρ23(ψ) = Id9

The minimal support of AME state



AME states Methods of construction SLOCC equivalence Graph states Conclusions

METHOD OF CONSTRUCTION

MDS codes
Generator matrix over GF(3)

G2×4 =

[
1 0 1 1
0 1 2 1

]
2∑

i,j=0

|i, j, i + j, 2i + j〉 ∈ H⊗4
3

I All 2× 2 minors are not vanishing
I AME(4,3) state

Generator matrix over GF(5)

G2×6 =

[
1 0 1 1 1 1
0 1 1 2 3 4

]
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉 ∈ H⊗6
5

I A 2-uniform state
I States with the minimal support

IrOA



AME states Methods of construction SLOCC equivalence Graph states Conclusions

METHOD OF CONSTRUCTION

MDS codes

Generator matrix over GF(3)

G2×4 =

[
1 0 1 1
0 1 2 1

]
2∑

i,j=0

|i, j, i + j, 2i + j〉 ∈ H⊗4
3

I All 2× 2 minors are not vanishing
I AME(4,3) state

Generator matrix over GF(5)

G2×6 =

[
1 0 1 1 1 1
0 1 1 2 3 4

]
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉 ∈ H⊗6
5

I A 2-uniform state
I States with the minimal support

IrOA



AME states Methods of construction SLOCC equivalence Graph states Conclusions

METHOD OF CONSTRUCTION

MDS codes
Generator matrix over GF(3)

G2×4 =

[
1 0 1 1
0 1 2 1

]
2∑

i,j=0

|i, j, i + j, 2i + j〉 ∈ H⊗4
3

I All 2× 2 minors are not vanishing
I AME(4,3) state

Generator matrix over GF(5)

G2×6 =

[
1 0 1 1 1 1
0 1 1 2 3 4

]
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉 ∈ H⊗6
5

I A 2-uniform state
I States with the minimal support

IrOA



AME states Methods of construction SLOCC equivalence Graph states Conclusions

METHOD OF CONSTRUCTION

MDS codes
Generator matrix over GF(3)

G2×4 =

[
1 0 1 1
0 1 2 1

]

2∑
i,j=0

|i, j, i + j, 2i + j〉 ∈ H⊗4
3

I All 2× 2 minors are not vanishing
I AME(4,3) state

Generator matrix over GF(5)

G2×6 =

[
1 0 1 1 1 1
0 1 1 2 3 4

]
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉 ∈ H⊗6
5

I A 2-uniform state
I States with the minimal support

IrOA



AME states Methods of construction SLOCC equivalence Graph states Conclusions

METHOD OF CONSTRUCTION

MDS codes
Generator matrix over GF(3)

G2×4 =

[
1 0 1 1
0 1 2 1

]

2∑
i,j=0

|i, j, i + j, 2i + j〉 ∈ H⊗4
3

I All 2× 2 minors are not vanishing

I AME(4,3) state

Generator matrix over GF(5)

G2×6 =

[
1 0 1 1 1 1
0 1 1 2 3 4

]
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉 ∈ H⊗6
5

I A 2-uniform state
I States with the minimal support

IrOA



AME states Methods of construction SLOCC equivalence Graph states Conclusions

METHOD OF CONSTRUCTION

MDS codes
Generator matrix over GF(3)

G2×4 =

[
1 0 1 1
0 1 2 1

]

2∑
i,j=0

|i, j, i + j, 2i + j〉 ∈ H⊗4
3

I All 2× 2 minors are not vanishing

I AME(4,3) state

Generator matrix over GF(5)

G2×6 =

[
1 0 1 1 1 1
0 1 1 2 3 4

]
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉 ∈ H⊗6
5

I A 2-uniform state
I States with the minimal support

IrOA



AME states Methods of construction SLOCC equivalence Graph states Conclusions

METHOD OF CONSTRUCTION

MDS codes
Generator matrix over GF(3)

G2×4 =

[
1 0 1 1
0 1 2 1

]
2∑

i,j=0

|i, j, i + j, 2i + j〉 ∈ H⊗4
3

I All 2× 2 minors are not vanishing

I AME(4,3) state

Generator matrix over GF(5)

G2×6 =

[
1 0 1 1 1 1
0 1 1 2 3 4

]
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉 ∈ H⊗6
5

I A 2-uniform state
I States with the minimal support

IrOA



AME states Methods of construction SLOCC equivalence Graph states Conclusions

METHOD OF CONSTRUCTION

MDS codes
Generator matrix over GF(3)

G2×4 =

[
1 0 1 1
0 1 2 1

]
2∑

i,j=0

|i, j, i + j, 2i + j〉 ∈ H⊗4
3

I All 2× 2 minors are not vanishing
I AME(4,3) state

Generator matrix over GF(5)

G2×6 =

[
1 0 1 1 1 1
0 1 1 2 3 4

]
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉 ∈ H⊗6
5

I A 2-uniform state
I States with the minimal support

IrOA



AME states Methods of construction SLOCC equivalence Graph states Conclusions

METHOD OF CONSTRUCTION

MDS codes
Generator matrix over GF(3)

G2×4 =

[
1 0 1 1
0 1 2 1

]
2∑

i,j=0

|i, j, i + j, 2i + j〉 ∈ H⊗4
3

I All 2× 2 minors are not vanishing
I AME(4,3) state

Generator matrix over GF(5)

G2×6 =

[
1 0 1 1 1 1
0 1 1 2 3 4

]
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉 ∈ H⊗6
5

I A 2-uniform state
I States with the minimal support

IrOA



AME states Methods of construction SLOCC equivalence Graph states Conclusions

METHOD OF CONSTRUCTION

MDS codes
Generator matrix over GF(3)

G2×4 =

[
1 0 1 1
0 1 2 1

]
2∑

i,j=0

|i, j, i + j, 2i + j〉 ∈ H⊗4
3

I All 2× 2 minors are not vanishing
I AME(4,3) state

Generator matrix over GF(5)

G2×6 =

[
1 0 1 1 1 1
0 1 1 2 3 4

]
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉 ∈ H⊗6
5

I A 2-uniform state
I States with the minimal support

IrOA



AME states Methods of construction SLOCC equivalence Graph states Conclusions

METHOD OF CONSTRUCTION

MDS codes
Generator matrix over GF(3)

G2×4 =

[
1 0 1 1
0 1 2 1

]
2∑

i,j=0

|i, j, i + j, 2i + j〉 ∈ H⊗4
3

I All 2× 2 minors are not vanishing
I AME(4,3) state

Generator matrix over GF(5)

G2×6 =

[
1 0 1 1 1 1
0 1 1 2 3 4

]
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉 ∈ H⊗6
5

I A 2-uniform state
I States with the minimal support

IrOA



AME states Methods of construction SLOCC equivalence Graph states Conclusions

METHOD OF CONSTRUCTION

MDS codes
Generator matrix over GF(3)

G2×4 =

[
1 0 1 1
0 1 2 1

]
2∑

i,j=0

|i, j, i + j, 2i + j〉 ∈ H⊗4
3

I All 2× 2 minors are not vanishing
I AME(4,3) state

Generator matrix over GF(5)

G2×6 =

[
1 0 1 1 1 1
0 1 1 2 3 4

]

4∑
i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉 ∈ H⊗6
5

I A 2-uniform state
I States with the minimal support

IrOA



AME states Methods of construction SLOCC equivalence Graph states Conclusions

METHOD OF CONSTRUCTION

MDS codes
Generator matrix over GF(3)

G2×4 =

[
1 0 1 1
0 1 2 1

]
2∑

i,j=0

|i, j, i + j, 2i + j〉 ∈ H⊗4
3

I All 2× 2 minors are not vanishing
I AME(4,3) state

Generator matrix over GF(5)

G2×6 =

[
1 0 1 1 1 1
0 1 1 2 3 4

]

4∑
i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉 ∈ H⊗6
5

I A 2-uniform state
I States with the minimal support

IrOA



AME states Methods of construction SLOCC equivalence Graph states Conclusions

METHOD OF CONSTRUCTION

MDS codes
Generator matrix over GF(3)

G2×4 =

[
1 0 1 1
0 1 2 1

]
2∑

i,j=0

|i, j, i + j, 2i + j〉 ∈ H⊗4
3

I All 2× 2 minors are not vanishing
I AME(4,3) state

Generator matrix over GF(5)

G2×6 =

[
1 0 1 1 1 1
0 1 1 2 3 4

]

4∑
i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉 ∈ H⊗6
5

I A 2-uniform state
I States with the minimal support

IrOA



AME states Methods of construction SLOCC equivalence Graph states Conclusions

METHOD OF CONSTRUCTION

MDS codes
Generator matrix over GF(3)

G2×4 =

[
1 0 1 1
0 1 2 1

]
2∑

i,j=0

|i, j, i + j, 2i + j〉 ∈ H⊗4
3

I All 2× 2 minors are not vanishing
I AME(4,3) state

Generator matrix over GF(5)

G2×6 =

[
1 0 1 1 1 1
0 1 1 2 3 4

]
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉 ∈ H⊗6
5

I A 2-uniform state
I States with the minimal support

IrOA



AME states Methods of construction SLOCC equivalence Graph states Conclusions

METHOD OF CONSTRUCTION

MDS codes
Generator matrix over GF(3)

G2×4 =

[
1 0 1 1
0 1 2 1

]
2∑

i,j=0

|i, j, i + j, 2i + j〉 ∈ H⊗4
3

I All 2× 2 minors are not vanishing
I AME(4,3) state

Generator matrix over GF(5)

G2×6 =

[
1 0 1 1 1 1
0 1 1 2 3 4

]
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉 ∈ H⊗6
5

I A 2-uniform state

I States with the minimal support

IrOA



AME states Methods of construction SLOCC equivalence Graph states Conclusions

METHOD OF CONSTRUCTION

MDS codes
Generator matrix over GF(3)

G2×4 =

[
1 0 1 1
0 1 2 1

]
2∑

i,j=0

|i, j, i + j, 2i + j〉 ∈ H⊗4
3

I All 2× 2 minors are not vanishing
I AME(4,3) state

Generator matrix over GF(5)

G2×6 =

[
1 0 1 1 1 1
0 1 1 2 3 4

]
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉 ∈ H⊗6
5

I A 2-uniform state
I States with the minimal support

IrOA



AME states Methods of construction SLOCC equivalence Graph states Conclusions

NEW METHOD OF CONSTRUCTION

The minimal support state fromH⊗6
5

|ψ6,0〉 =
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉

We add some phases

|ψ6,2〉 =
4∑

i,j=0

|i, j, i + j, i + 2j〉⊗Zi+3j ⊗ Xi+4j
∑
α

|α, α〉︸ ︷︷ ︸
Bell basis

.

Or in a different way

|ψ6,3〉 =

4∑
i,j=0

|i, j, i + j〉⊗Zi+2j ⊗ Xi+3j ⊗ Xi+4j
∑
α

|α, α, α〉︸ ︷︷ ︸
GHZ basis

.

I Further, any AME basis
I Advantage: reduction of a local dimension
I Quantum Orthogonal Arrays



AME states Methods of construction SLOCC equivalence Graph states Conclusions

NEW METHOD OF CONSTRUCTION

The minimal support state fromH⊗6
5

|ψ6,0〉 =
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉

We add some phases

|ψ6,2〉 =

4∑
i,j=0

|i, j, i + j, i + 2j〉⊗Zi+3j ⊗ Xi+4j
∑
α

|α, α〉︸ ︷︷ ︸
Bell basis

.

Or in a different way

|ψ6,3〉 =

4∑
i,j=0

|i, j, i + j〉⊗Zi+2j ⊗ Xi+3j ⊗ Xi+4j
∑
α

|α, α, α〉︸ ︷︷ ︸
GHZ basis

.

I Further, any AME basis
I Advantage: reduction of a local dimension
I Quantum Orthogonal Arrays



AME states Methods of construction SLOCC equivalence Graph states Conclusions

NEW METHOD OF CONSTRUCTION

The minimal support state fromH⊗6
5

|ψ6,0〉 =
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉

We add some phases

|ψ6,2〉 =

4∑
i,j=0

|i, j, i + j, i + 2j〉⊗Zi+3j ⊗ Xi+4j
∑
α

|α, α〉︸ ︷︷ ︸
Bell basis

.

Or in a different way

|ψ6,3〉 =

4∑
i,j=0

|i, j, i + j〉⊗Zi+2j ⊗ Xi+3j ⊗ Xi+4j
∑
α

|α, α, α〉︸ ︷︷ ︸
GHZ basis

.

I Further, any AME basis
I Advantage: reduction of a local dimension
I Quantum Orthogonal Arrays



AME states Methods of construction SLOCC equivalence Graph states Conclusions

NEW METHOD OF CONSTRUCTION

The minimal support state fromH⊗6
5

|ψ6,0〉 =
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉

We add some phases

|ψ6,2〉 =
4∑

i,j=0

|i, j, i + j, i + 2j〉⊗Zi+3j ⊗ Xi+4j
∑
α

|α, α〉︸ ︷︷ ︸
Bell basis

.

Or in a different way

|ψ6,3〉 =

4∑
i,j=0

|i, j, i + j〉⊗Zi+2j ⊗ Xi+3j ⊗ Xi+4j
∑
α

|α, α, α〉︸ ︷︷ ︸
GHZ basis

.

I Further, any AME basis
I Advantage: reduction of a local dimension
I Quantum Orthogonal Arrays



AME states Methods of construction SLOCC equivalence Graph states Conclusions

NEW METHOD OF CONSTRUCTION

The minimal support state fromH⊗6
5

|ψ6,0〉 =
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉

We add some phases

|ψ6,2〉 =
4∑

i,j=0

|i, j, i + j, i + 2j〉⊗Zi+3j ⊗ Xi+4j
∑
α

|α, α〉︸ ︷︷ ︸
Bell basis

.

Or in a different way

|ψ6,3〉 =

4∑
i,j=0

|i, j, i + j〉⊗Zi+2j ⊗ Xi+3j ⊗ Xi+4j
∑
α

|α, α, α〉︸ ︷︷ ︸
GHZ basis

.

I Further, any AME basis
I Advantage: reduction of a local dimension
I Quantum Orthogonal Arrays



AME states Methods of construction SLOCC equivalence Graph states Conclusions

NEW METHOD OF CONSTRUCTION

The minimal support state fromH⊗6
5

|ψ6,0〉 =
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉

We add some phases

|ψ6,2〉 =
4∑

i,j=0

|i, j, i + j, i + 2j〉⊗Zi+3j ⊗ Xi+4j
∑
α

|α, α〉︸ ︷︷ ︸
Bell basis

.

Or in a different way

|ψ6,3〉 =

4∑
i,j=0

|i, j, i + j〉⊗Zi+2j ⊗ Xi+3j ⊗ Xi+4j
∑
α

|α, α, α〉︸ ︷︷ ︸
GHZ basis

.

I Further, any AME basis
I Advantage: reduction of a local dimension
I Quantum Orthogonal Arrays



AME states Methods of construction SLOCC equivalence Graph states Conclusions

NEW METHOD OF CONSTRUCTION

The minimal support state fromH⊗6
5

|ψ6,0〉 =
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉

We add some phases

|ψ6,2〉 =
4∑

i,j=0

|i, j, i + j, i + 2j〉⊗Zi+3j ⊗ Xi+4j
∑
α

|α, α〉︸ ︷︷ ︸
Bell basis

.

Or in a different way

|ψ6,3〉 =

4∑
i,j=0

|i, j, i + j〉⊗Zi+2j ⊗ Xi+3j ⊗ Xi+4j
∑
α

|α, α, α〉︸ ︷︷ ︸
GHZ basis

.

I Further, any AME basis

I Advantage: reduction of a local dimension
I Quantum Orthogonal Arrays



AME states Methods of construction SLOCC equivalence Graph states Conclusions

NEW METHOD OF CONSTRUCTION

The minimal support state fromH⊗6
5

|ψ6,0〉 =
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉

We add some phases

|ψ6,2〉 =
4∑

i,j=0

|i, j, i + j, i + 2j〉⊗Zi+3j ⊗ Xi+4j
∑
α

|α, α〉︸ ︷︷ ︸
Bell basis

.

Or in a different way

|ψ6,3〉 =

4∑
i,j=0

|i, j, i + j〉⊗Zi+2j ⊗ Xi+3j ⊗ Xi+4j
∑
α

|α, α, α〉︸ ︷︷ ︸
GHZ basis

.

I Further, any AME basis
I Advantage: reduction of a local dimension

I Quantum Orthogonal Arrays



AME states Methods of construction SLOCC equivalence Graph states Conclusions

NEW METHOD OF CONSTRUCTION

The minimal support state fromH⊗6
5

|ψ6,0〉 =
4∑

i,j=0

|i, j, i + j, i + 2j, i + 3j, i + 4j〉

We add some phases

|ψ6,2〉 =
4∑

i,j=0

|i, j, i + j, i + 2j〉⊗Zi+3j ⊗ Xi+4j
∑
α

|α, α〉︸ ︷︷ ︸
Bell basis

.

Or in a different way

|ψ6,3〉 =

4∑
i,j=0

|i, j, i + j〉⊗Zi+2j ⊗ Xi+3j ⊗ Xi+4j
∑
α

|α, α, α〉︸ ︷︷ ︸
GHZ basis

.

I Further, any AME basis
I Advantage: reduction of a local dimension
I Quantum Orthogonal Arrays



AME states Methods of construction SLOCC equivalence Graph states Conclusions

EQUIVALENCE CLASSES

I TASK I Find AME(N,d) states
I

LU-equivalence
|φ〉 = U1 ⊗ · · · ⊗ UN|ψ〉.

SLOCC-equivalence
|φ〉 = O1 ⊗ · · · ⊗ ON|ψ〉.

Non SLOCC-equivalent 1-uniform states of 4 qudits

|ψ〉 =

d−1∑
i=0

|iiii〉 |φ〉 =

d−1∑
i=0

(
|ii〉 ⊗ Xi ⊗ Zi

d−1∑
k=0

|kk〉
)

ρ12(ψ) 6= Id = ρ12(φ)

I Fail for AME

I Fail for min. supp. states
I Invariant methods

are
unsatisfactory. 3 qubits: R5
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SLOCC VERIFICATION OF MIN. SUPP. STATES

Monomial Matrices

1. M has exactly one nonzero entry in each row and each column;

2. M is a product of a permutation and diagonal matrix;

3. M does not change the support of any quantum state:

LM ⊆ LU/SLOCC

SLOCC ≡ LM for k-uniform states (min. supp.), k <
n
2

Only d!k permutation, and finite number of diagonal matrices. What if k = n/2?

Fourier transform s an automorphism of AME(4,3). Generally Butson-type B(d,d)

(
F3
)⊗4

=

1 1 1
1 ω ω
1 ω ω

⊗4

SLOCC ≡ LM + B(d,d) for AME(2k,d) states (min. supp.)
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AME(5,d) STATES - EXAMPLE

|ψ5,0〉 =

d−1∑
i,j=0

|i, j, i + j, i + 2j, i + 3j〉

d ≥ 5

|ψ5,2〉 =

d−1∑
i,j=0

(
|i, j, i + j〉 ⊗ Xi+2j ⊗ Zi+3j

d−1∑
α=0

|αα〉
)

d ≥ 2

non LU-equivalency
For a local dimension d ≥ 5, the states |ψ5,0〉 and |ψ5,2〉 are not LU.

I
ρ345(ψ5,0), ρ345(ψ5,2)

I They are
equivalent!

I But there is no
extension
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DIFFERENT PHASES - EXAMPLE

AME(4,3) states

|ψ〉 =ω00|0000〉+ ω01|0121〉+ ω02|0212〉+ ρ12(ψ) = ρ34(ψ) = Id9

ω11|1110〉+ ω12|1201〉+ ω10|1022〉+ ρ13(ψ) = ρ24(ψ) = Id9

ω22|2220〉+ ω20|2011〉+ ω21|2102〉 ρ14(ψ) = ρ23(ψ) = Id9

are SLOCC-equivalent. Generally true for all 1- and 2-uniform states (min. supp.).

3-uniform states
Changing a phase by only one term yields non-SLOCC-equivalent state. If there exists
one, there exist infinitely many. Generally true for all k-uniform states (min. supp.),
k > 2.
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3-uniform states
Changing a phase by only one term yields non-SLOCC-equivalent state. If there exists
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GRAPH STATES

A=



0 0 1 1 1
0 0 1 2 3
1 1 0 0 0
1 2 0 0 0
1 3 0 0 0


Depth of a quantum circuit

Graph state |G〉
|G〉 =

∏
eij∈E

CAij
ij |+〉

⊗N = (|0〉+ |1〉+ · · ·+ |d− 1〉)⊗N

The two-qudit controlled-Z operator:
Cab|i〉a|j〉b := ωij|i〉a|j〉b

AME(5,5) min. supp. AME(5,5) non min. supp. AME(5,2) non min. supp.
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SUMMARY

I New method of constructing k-uniform states
I There is an advantage of a local dimension d.
I There is an advantage in some teleportation protocols.
I There is a difference between non-min. and min. support states.
I Not all AME(5,d) states are LU-equivalent, d ≥ 5.
I If there exists one AME(2k,d) state of the minimal support for k > 2, there are

infinitely many of them.

How they can be parametrized?

I Exact SLOCC classification for all k-uniform states.
I arXiv:2003.13639

Thank You!
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